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bJQf Abstract. We prove a closed formula for leading Gopakumar- 

^ . Vafa BPS invariants of loeal Calabi-Yau geometries given by the 

canonical line bundles of toric Fano surfaces. It shares some sim- 
ilar features with Gottsche-Yau-Zaslow formula: Connection with 
Hilbert schemes, connection with quasimodular forms, and qua- 
dratic property after suitable transformation. In Part I of this 
paper we will present the case of projective plane, more general 
cases will be presented in Part 11. 



1. Introduction 

The problem of counting curves in algebraic varieties dates back to 
the nineteenth century. Classical examples include the famous 27 lines 
on a cubic surface and the 2875 lines on a quintic 3-fold. Through 
the interaction with string theory, spectacular progresses in this classi- 
cal branch of algebraic geometry have been made over the years since 
1990 's. First of all, Gromov-Witten theory and its various variants 
have laid the foundation for the modern treatment of many classical 
enumerative problems and greatly expanded the range of enumerative 
problems being considered. See |PT] for an introduction to some of the 
exciting developments. 

The study of the problems of counting curves in surfaces and Calabi- 
Yau 3-folds have served both as motivations and applications of Gromov- 
Witten theory. We will recall some results in these directions in §2] and 
§3] to serve as motivations for this work. We emphasize on the following 
three salient features for the curving counting problems for algebraic 
surfaces: connection with Hilbert schemes, connection with quasimod- 
ular forms, and quadratic properties of the node polynomials after suit- 
able transformation. Our main results will show that these features are 
also shared in the curve counting problems of some noncompact Calabi- 
Yau 3-folds, arising as the the total space of the canonical line bundles 
of toric Fano surfaces. 
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From their constructions, Gromov-Witten invariants are rational 
numbers in general. It is amazing that for Calabi-Yau 3-folds, physi- 
cists |GV1] have suggested a way to convert them into integer invari- 
ants, called the Gopakumar-Vafa BPS invariants. These invariants in 
general are not the "numbers" of algebraic curves of some fixed degree 
and genus, embedded in the Calabi-Yau 3-folds, but serve as a useful 
alternative. Closed formulas for these invariants are very desirable to 
find, our result adds an item to the very short list of examples known 
at present. 

For compact Calabi-Yau 3-folds such as the quintic 3-fold, mathe- 
matical computations of their Gromov-Witten invariants are available 
only in geneus |Givt ILLY] and genus 1 |Zin] . based on the string 
theorists' prediction using mirror symmetry |CDGPt IBCOVK] . Unfor- 
tunately it is not known at present how to generalize the computations 
to higher genera (see Chang-Li |CL] for some recent progresses.) 

On the other hand, in the noncompact setting a method to com- 
pute the Gromov-Witten invariants of toric Calabi-Yau 3-folds called 
the topological vertex |AKMVj has been developed by string theorists, 
based on duality with Chern-Simons theory [WTl MM IHW IDVllMV] . 
A mathematical theory of the topological vertex has been developed in 
|LLLZ] to justify this method. Based on this method the Gopakumar- 
Vafa integrality has been established in this case in [0 IKolt IKo2] . In 
this paper we will study the Gopakumar-Vafa invariants of the Calabi- 
Yau 3-folds that are the total spaces of the canonical lines bundle of 
toric Fano surfaces. In this case the duality of their Gromov-Witten 
invariants with Chern-Simons link invariants was more straightforward 
and was developed in |AMVt [I] , and its mathematical proof was pre- 
sented in |Z3] . As mentioned in |AM V] . the complexity of computa- 
tions increases very fast: For degree d = 12, it involves evaluating 
18239 terms, while for degree 20 involves 943304 terms. It turns out 
that the colored HOMFLY polynomials play a key role in the compu- 
tations. They can be given by some specializations of the skew Schur 
functions, and this leads us to the theory basic hypergeometric series 
and some simple results in that theory can be applied. This is one of 
the key useful technical tools in our work. 

As mentioned above, it is very interesting to compare our results with 
the corresponding results on algebraic surfaces |YZ[ IGotj . They share 
many common features, and their similarities and differences may shed 
some lights on each other. First of all, both cases involve the theory 
of quasimodular forms [KaZaj . which first appeared in the counting 
problems on elliptic curves |Dij]. Secondly, both cases involve Hilbert 
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schemes of points on surfaces. Thirdly, both involve polynomials that 
after suitable transformations become quadratic. 

Let us present here our result for the special case oi X = Kp2 = 
(9p2(— 3), the total space of the canonical line bundle of P^, to give a 
sample of our results. In an earlier work by the second author [Zl] . it 
was observed based on the table in [AMV] that after a suitable trans- 
formation, the Gopakumar-Vafa invariants of Kp2 become quadratic 
polynomials in the degree d: 

^(rf2 + 3rf + 2), 
i(d2 + 3d-4), (d>3) 

^(rf2 + 3rf-6), {d>A) 

3(rf2 + U) - 24, {d > 5) 
6(rf2 + 3rf- 11), {d>6) 

y + 3d) - 144, {d > 7) 

20(^2 + 3^-16), {d>8) 
67 

— {d^ + 3d) - 626, (d > 9) 
117 

— (rf2 + 3rf) - 1233, (rf>10) 



(1) 




(2) 


Ml 


(3) 


Ml 


(4) 


Ml 


(5) 


Ml 


(6) 


Ml 


(7) 


Ml 


(8) 


Ml 


(9) 


Ml 



It was conjectured in [Zl] that in general for > m + 2, 

M- = ^(rf2 + 3t/)-6(m) 

for some positive integers a(m) and h{m). (Similar observations were 
also made for Kpixpi.) In this paper we will prove this conjecture, 
and obtain the following closed formula for a(m) and h{m) in terms of 
quasimodular forms (cf. Theorem 15. 12p : 



m=0 



n„=i(i-9")n 2 

where G2{q) = Yl^=iTl,d\nd'f' is the second Einsenstein series. The 
right-hand side of the above formula has a striking similarity with the 
Yau-Zaslow formula |YZ] . We will also show that (fTOj) verifies the 
predictions made by Katz-Klemm-Vafa [KKVj based on M-theory. In 
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this paper, we will also show that our method can be used to obtain 
some results not predicted by [KKVj and not observed in |Zlj . In 
Theorem 16. II we prove the following formula holds for < m < 2d — 5: 



(11) 



V[oo]!HV 2 ; tr(i-^^)' 



q'~'[2][3] ffd+l\ ^ q' 
[oo]!3 2 J 1^(1 -g^P 1-q' 



Based on such results we will also make some observations and specu- 
lations about higher order corrections: The quadratic property of the 
transformed GV invariants seems to persist also in higher order correc- 
tions. 

We now explain the title of this paper. On the left-hand-side of 
f ITU]) we have the generating series for transformed Gopakumar-Vafa 
invariants, on the right-hand side, 

n„=i(i-g")' t'o 

where (P^)["] is the Hilbert schemes of zero dimensional subschemes of 
length n in P^. Also on the right-hand, G2 is a quasimodular form. 

Furthermore, the term ('^+iK'^+2) on the right-hand side has the com- 
binatorial meaning of number of lattice points in the triangle that de- 
scribes the toric geometry of P^. In Part II of this paper, we will present 
the same type of formulas for all toric Fano surfaces. In this general 
formula, the meaning of each term on the right-hand side will become 
more transparent. More precisely, let be a toric Fano surface and 
X = his- For /3 £ H2{S;'Z,), there is a Z-valued function P^{f3) qua- 
dratic in P such that the generating series of the leading transformed 
Gopakumar-Vafa invariants is given by: 



(13) T:zTuik-[P"iP)-<S)- 



00 



i> 



The combinatorial meaning of P^{(3) is the number of lattice points in 
the integral lattices associated to S, with size controlled by /3. 

We work with Gromov-Witten invariants of noncompact Calabi-Yau 
3-folds in this paper. It is also very interesting to compare our results 
with the corresponding results for compact Calabi-Yau 3-fold such as 
the quintic 3-fold. We hope our results can have some counterparts in 
the compact case. In a work in progress, we extend our results to open 
string invariants. 
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The rest of this paper is arranged as follows. In Section 2 we recall 
some work on counting curves in algebraic surfaces. In Section 3 we re- 
call the definition of Gopakumar-Vafa invariants and the observations 
on the quadratic properties of the transformed Gopakumar-Vafa invari- 
ants. In Section 4 we recall some technical preliminaries. In Section 

5 we will prove ( ITOj) and show that it matches with the prediction by 
Katz-Klemm-Vafa |KKV] . we will also make a comparison of this re- 
sult with the corresponding result for counting curves in P^. In Section 

6 we refine our approach to get stronger results not predicted in the 
literature and make more observations on the general behavior of the 
transformed Gopakumar-Vafa invariants of Kp2. 

Acknowledgements. The second author is partially supported by 
NSFC grant 1171174. The first author thanks Professor Gang Tian 
for helpful suggestions. 

2. Counting curves in algebraic surfaces 

In this section we recall some results on counting curves in a lin- 
ear system on an algebraic surface, especially on a K3 surface. Even 
though we will not use the results and methods in this section, the con- 
tent of this section will suggest a suitable perspective to understand 
our results. We will see that the following three features will emerge 
also in the Calabi-Yau 3-fold setting that we will study in this paper: 
Connection with quasimodular forms, connection with Hilbert schemes, 
quadratic property of node polynomials after some transformation. 

2.1. Counting curves in the projective plane. Let iV^ be the num- 
ber of irreducible rational curves in of degree d through 3d — 1 points 
in general position. Then by an application of the WDVV equation 
Kontsevich |KM] proved the following recursive formula: 

iVi = l, 



di+d2=d 
di,d2>l 



d>l. 



The genus formula states that an irreducible algebraic curve in P^ of 
degree d with only 6 nodes as singularities has geometric genus 

(14) ^^(d-l)(d-2)_^^ 



So the irreducible rational curves of degree d must have g{d) 
nodes. For < 6 < g{d), denote by A*'^^'''' ^ the number of irreducible 



('^-l)('^-2) 
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plane curves of degree d, genus g = g{d) — 6, with 6 simple nodes, 
through 3d — 1 + g points in general position. For example |KPlt IVaij : 



9{d)-l 



N: 



d 

g{d)-2 



N: 



■g{d)-3 



d 



3{d- 
-{d 

I'" 



1)2, d>3, 

■ l){d-2){3d^ - 3d -11] 



27d' + \d' + ^d' 



22M 



d>4, 
829 



d 



+ 



N: 



g{d)-4 



d 



525 -: 
37881 



MA 



27d' 



1809 



4 



d^ - 642c/^ - 2529rf^ 



18057 



d - 8865 - 6, 



d,5 



d> 5. 



g{d)-5 



The following observation was made in |DI] : For fixed 6, when d is 
large enough, 

zs{d) 



is a polynomial in d of degree 26: 
3' 



+ 



5\ 

6{6 



d 



as 



26d 



25-1 



1)(205- 13)^25-3 



6{6 



6 

1)(6952 



54 



85^ + 92) ,,,_4 



+ 



See Fomin-Mikhalkin |FMj for a proof. 



2.2. Counting rational nodal curves in K3 surfaces. Let C be 

a smooth curve in a generic K3 surface X representing a primitive 
homology class, with C ■ C = 2n — 2. Then C has genus n and move 
in a complete linear system \C\ = P". By a result of Chen [Che], all 
the rational curves in \C\ are nodal, hence by the genus formula, they 
all have n nodes. Denote by N{n) the number of such curves in \C\. 
Then Yau-Zaslow formula jYZ] is 

(15) ^iV(n)g"-i- ^ - ^ 

n>0 



Let us briefly outline the beautiful argument of Yau and Zaslow, which 
has been completed into a mathematical proof by |Bea] under suitable 
conditions to be specified below. Look at the compactified universal 
Jacobian n : J' ^ \C\ for the linear system \C\. Under the assump- 
tion that If one assumes that all the curves in \C\ are reduced and 
irreducible, is a smooth hyperkahler manifold of dimension 2n, and 
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J is birationally equivalent to the Hilbert scheme X^"^'. Under the as- 
sumption that each member in the hnear system \C\ has at most nodal 
singularities, then one can argue that 

(16) iVo(n) = x(J). 
Now by a result of Batyrev |Batj , 

(17) x{J)<f-^ = x(^t"i)g"-'. 

By a result of Gottsche |Got j . 

oo 

Hence ( !T5|) is obtained by combining the three equalities above. 

2.3. Counting nodal curves on algebraic surfaces. Let L be a 
line bundle on a projective algebraic surface S. Denote by t^{L) of 
the numbers of (5-nodal curves in a general 5- dimensional sub-linear 
system of \L\. The following result was conjectured by Gottsche |Got] 
and proved by Liu |Liu] and Tzeng |Tz] : For every integer 6 > 0, there 
exists a universal polynomial Ts{x, y, z, t) of degree S with the following 
property: Given a smooth projective surface S and a (55— l)-very ample 
(5- very ample ii 6 = 1) line bundle L on S, 

tliL)=T,{L\LKs,c,iSY,C2iS)). 

Kool-Shende-Thomas |KSTj gave a different proof and weakened the 
condition to L being 5-very ample. 

Inspired by the Yau-Zaslow formula, Gottsche |Gotj conjectured the 
following closed form of this generating function: There exist universal 
power series Bi{q) and -82(0') such that 

J2Ts{L\L. Ks,c,{Sf,C2{S)) ■ {dgmY 

(5>0 

_ (DG'2(g)/g)^^^^gi(g)^^^2(g)^-"^ 
(A(g)D2G'2(g)/g2)x(Os)/2 

g^, G2 is the second Eisenstein series 

n>0 d\n 

This formula is called the Gottsche- Yau-Zaslow formula. See Liu |Liu] 
and Tzeng |Tz] for proofs. 



(19) 

where D = 
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For a K3 surface S, Gottsche |Got] conjectured: 

where for L sufficiently ample nf {L'^/2) stands for the number of x{L) — 
5— 1-nodal curves in a (5-dimensional sub-linear system of L. See Bryan- 
Leung |BL] and Liu |Liu] for proofs. For Gromov-Witten theoretical 
approach to this problm, see the work by Klemm et al |KMPS] . 

Gottsche |Got] made a connection to Hilbert schemes of S* in a differ- 
ent way from that of Yau and Zaslow |YZ] . Let Zn{s) C S x 5*'"' be the 
universal family with projections p„ : Zn{S) — )■ 5, g„ : Zn{S) — j- S^"'^. 
Then for any line bundle L on S, Ln := {qn)*PnL is a vector bundle 
of rank n on ^["l Let C S^^^^ be the closure of the locally closed 
subset 



i = l 



distinct points on 5" > . 



Gottsche showed that when L is (55 — l)-very ample (5- very ample if 
(5=1), then a general (5-dimensional sublinear system of |L| contains 
exactly 



(21) d5{L) = / C25{L^5) 

Jsl 

curves with precisely 6 nodes as singularities. This connection is cru- 
cial to Tseng's proof of the Gottsche- Yau-Zaslow formula. Another 
connection with Hilbert schemes was made in |KST] . 

2.4. Quadratic property of node polynomials after transforma- 
tion. The Severi degree A^'^''^ is the number of plane curves of degree d 
with 6 nodes passing through (c/^ + 3d)/ 2 — 6 general points. Gottsche 
[Got] conjectured that for 6 < 2d - 2, N'^'^ = tf{0{d)). He also 
conjectured for d > 0, 

(22) J2 ^"^'^^^ = exp{d^Ci{x) + dC2{x) + Csix)) 

s 

modulo the ideal generated by x^*^"^. In particular, for S < 2d — 2, 
the numbers A^*^'^ are given by a polynomial zs{d) (called the node 
polynomials) of degree 26 in d, as conjectured by DiFrancesco-Itzykson 
[Dlj and proved by Fomin-Mikhalkin |FM] . Kleiman and Piene |KP2] 
made a slightly different formulation of Gottsche's conjecture as follows 
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(here we use the version of Fomin-Mikkhalkin |FM] ). Define polyno- 
mials Aj{d) by: 



oo 



(23) 5^A,(rf)- = log^^,(rf)x'^. 

j=l ^ s 

Then Aj{t) are quadratic polynomials with integral coefficients. Kleiman 
and Piene |KP2] established this for j < 8: 

Ai{d) = 3{(f - 2d + l), 

A2{d) = -3(14c/2 - sgd + 25), 

A-iid) = 3(230^2 - 788d + 633), 

Ai{d) = -9(1340^2 - 5315rf + 5023), 

A^id) = 9(24192^2 - 107294d + 114647), 

Ae^d) = -9(445592^2 - 2161292d + 2545325), 

A7{d) = 54(1386758^2 - 7245004rf + 9242081), 

Asid) = -9(156931220rf2 - 873420627^+ 1191950551). 

Recently, building on ideas of Fomin and Mikhalkin |FM] . Block |Blo] 
developed an explicit algorithm for computing node polynomials, and 
used it to compute Ns{d) for 6 < 14, hence verified the above conjecture 
and found Aj{d) up to j = 14. 

Note the polynomials Ai,A2,... are obtained from the node poly- 
nomials Zi,Z2, ■ ■ ■ by the following transformation: 

Ai = zi, 



A2 = 2z2 - z^ 



1' 

3 



in general. 



A3 = 3Z3 - 3ZiZ2 + z^, 



An=n y (_l)mi+...+m,-12±^^_2 Zl -1 . . . _ 

^ mil ■■ -1711,1 

mi,--- ,mfe>0 
'Ejjmj=n 

Note the coefficients on the right-hand side are all integers. 

3. Counting Curves in Calabi-Yau 3-folds 



In this section we first recall in §3.11 some results for curve count- 
ing in quintic Calabi-Yau 3-fold. Then we review the definition of the 
Gopakumar-Vafa invariants in §3.21 and review in §3.4l the observations 
made in [Zlj about the quadratic property mentioned in the Introduc- 
tion of the Gopakumar-Vafa invariants under a suitable transformation. 
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3.1. Gromov-Witten invariants of quintic 3- fold. Let be the 

quintic 3-fold, and let 

K = f_ 1 

be degree d genus g Gromov-Witten invariants of X. The calculations 
of such invariants are very difficult and predictions made by physicists 
have played a crucial role in the mathematical research on them. Let 



(24) E^.(^K = -'"T^"tM^ 

For example 



j=0 d=0 



00 



{5d)\ 



d=l 

5d 



d=l ^ '' r=d+l 



00 I r i\\ 5d 



{d\f ^ r 

d=\ ^ ' r=d+l 

+ 2^ (d^)A \^r) l^d^^^r^ 

d=l ^ ' ^ V=d+1 ^ r = l r=l 

By the Frobenius method, it is easy to see that {Jq, /i, /2, /s} form a 
basis of solutions to the Picard-Fuchs equation 

9f/ = 5e*(59i + l)---(59, + 4)/(t). 

Let 



(25) J,{t) 



and 

(26) r = Ji(t). 

Givental |Giv] and Lian-Liu-Yau |LLY] proved the following prediction 
due to Candelas-de la Ossa-Green-Parkes |CDGPj : 

(27) Fo(T) = ^(Ji(t)- J2(t)- J3(t)). 
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Zinger |Zin] proved the following prediction due to Bershadsky-Cecotti- 
Ooguri-Vafa |BCUV] : 

(28) F,{T) = ^(Mt) -t)- log(/o(t)^V3(i _ 5V)ViV((t)i/^) . 

Predictions up to = 51 have been made by Huang-Klemm-Quackenbush 
HKQI based on ideas in |BCOV] and the work of Yamaguchi and Yau 
YY] . 

3.2. Prom GW invariants to curve counting in Calabi-Yau 3- 

folds. In general, the numbers are rational numbers. Candelas et 
al |CDGPj suggested to consider numbers n° defined as follows: 

k\d 

i.e., 

d>l k>l 1=1 

Then one can observe that become integral, for example, n° = 2875, 
~ 609250. These numbers are expected to be the "number" of 
rational curves of degree k in X^. In general, Gopakumar and Vafa 
|GV1] found a relationship between the Gromov-Witten invariants of 
a Calabi-Yau 3-fold X and counts of BPS states in M-theory. This 
suggests the definition of some invariants called the Gopakumar- Vafa 
BPS invariants which we now turn to. They will be used as alternatives 
of "number" of curves in X. We will recall their definition momentarily. 

Let X be a projective algebraic variety. For any /3 G H2{X,'L), 
denote by A^g^„(X, /3) the moduli space of stable maps from genus g 
n— pointed curves to X with the image in the class /3 : 

/ : (C, pi, ■ ■ ■ ,p„) — )■ X stable map, s.t. /*[C] = {3. 

The virtual dimension of this space is 

vdimATg,„(X,/3) = (1 -^)(dimX -3) + / ci{TX)+n. 

When X is a Calabi-Yau 3— fold, the virtual dimension of A4.gfi{X] /3) 
is 0. Define the 0-point Gromov-Witten invariant i^^(X) by 

Kl{X) := [_ 1. 
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Conjecture/Definition 3.1. There are integers called Gopakumar- 

Vafa BPS invariants such that: 

(29) $:/^,^(x)A^-^t/^ = 5:n^(x) y: i{2M^)r^-H'^, 

where t''^ is an element of the Novikov ring associated with H2{X; Z), 
i.e. the group ring of H2{X; Z). 

For fixed genus g > 0, denote by 

(30) F^^:=J2^W 

the instanton part of the genus g free energy. By taking the coefficients 
of on both sides of fl29l) . one gets 



(31) Fo" = J24iX) Y: l-,t'' = Y^iiX) . Li3(t^), 

^^0 fc>0 I3jt0 

where Lij.(z) = J2k>o^~^ ■ taking the coefficients of A° on both 
sides of one gets 

^22^ /37^0 fc>0 /3^0 k>0 



E(l^^?(^)+^M^))-Lii(t''). 



12 

The numbers ?t-^(X) should not be interpreted as the "numbers" n^^(X) 
of elliptic curves in class /3, but instead the number of BPS states 
associated to (3. By a result of Pandharipande [Pan], they are related 
as follows: 

(33) EE^'" = EE<^'". 

13^0 k>0 P^O k>0 

where ar{k) = Yli\k^^- Combining this with the above formula for , 
one gets 

-. oo 

(34) = E(l^^S(^) ■ Lii(^^) + nf{X) ■ log n(l - t'^r')- 

/3^0 1=1 

For more mathematical work on contributions of embedded curves to 
the Gromov- Witten invariants, see Faber-Pandharipande |FP] , Bryan- 
Pandharipande [BPj . Bryan-Leung [BL] . and Bryan |Bry| . 
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3.3. Local Gromov-Witten invariants and local Gopakumar- 
Vafa invariants. A powerful technique for the computations of Gromov- 
Witten invariants is the localization method [Kl IGP] . The successes in 
computing the genus zero and genus one Gromov-Witten invariants of 
quintic 3-fold are based on transforming the calculations to the ambi- 
ent space P'*. Unfortunately it is not clear how this can be done for 
genus (yf > 1 at present. 

While a compact Calai-Yau 3-fold does not have continuous sym- 
metry group, a noncompact Calabi-Yau 3- fold may have a 3-torus as 
symmetry group which has isolated fixed points. For example, let S be 
a toric Fano surface and let X = be the total space of its canonical 
line bundle. It is interesting to study their Gromov-Witten invariants 
of such spaces |CKYZl iKZj . First of all, suppose that S* is a toric Fano 
surface embedded in a Calabi-Yau 3-fold Y. Because S is Fano, its 
canonical line bundle is negative, so the normal bundle Ns/y is negative 
because it is isomorphic to Kg by the adjunction formula and the triv- 
iality of Ky- If we have a stable map f : C Y, such that /(C) C S, 
by the negativity of Ns/y, under deformations of /, the images will 
remain in S. In other words, let f3 C H2{S] Z), and let is '■ S Y be 
the inclusion, then Aig^Q^S; {is)*f3) will have a component isomorphic 
to Aigfi{S; (3), so so there is a contribution, denoted by K^{ks), to the 
Gromov-Witten invariant K^.^~^^^{Y), from this component. Recall we 
have the following diagram 

M,,i(^,/3)^M,(^,/3) 

ev 

s 

where vr is the forgetful map and ev is the evaluation map. Define a 
bundle (ks)^ as follows: 

{ks)1 := Ti^Tv^ev*Ks, 

One can show that 

Kf,{Ks) = I e{{Ks)$). 

J[>!g,o(S,/3)]-'- 

Besides providing local contributions to the Gromov-Witten invari- 
ants, another more important motivation to study local Gromov-Witten 
invariants is that by suitably choosing the local Calabi-Yau geometries, 
one can reproduce the partition functions of gauge theories, an idea 
called the geometric engineering by the string theorists [KKVlj . 
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In exactly the same fashion as ( l29l) . the local Gopakumar-Vafa in- 
variants of is defined as follows: 

(35) EE^K-^)^'^"^' = EE-^(-^)E(2-n(y))^-^^. 

IBt^O g>0 /3^0 9>0 k>0 

Suppose that C is a smooth curve in S such that [C] = f3, then the 
genus of C which we denote by g{f3) is given by the adjunction formula: 

(36) g{f3) = l + ^{f3^ + ^s-f3). 

Based on empirical evidence in |AM V] . it is implicitly assumed in 
physics literature that 

(37) n$iK,) = 

for g > g{f3). We will prove this in later sections. Under this as- 
sumption, the summation over g in (!38l) becomes a finite summation 

3.4. Quadratic properties of the local Gopakumar-Vafa invari- 
ants. Now we recall an observation made by the second author in |Zlj . 
Write the left-hand side of fl5Sl) as F'^-s and let q = e^^'^, then one can 
rewrite ( 135|) in the following form 

(38) F^^=j2T.<(^s)j2(-^y''('i'^'-^~'^"y'T- 

Let us recall how Gopakumar and Vafa |GVH Section 2] defined the 
number ra^(X). See also Katz-Klemm-Vafa |KKV[ Section 3], espe- 
cially (3.1)-(3.3). Then for each /3 G H2{X]Z), and half integers 
JliJr ^ the number Nj^j^{X) denote the number of BPS states 
with charge represented by the class f3 and with SU{2)l x SU{2)r rep- 
resentation [(jl)] ® [{Jr)] indexed by {jL,jR)- The numbers Nj^j^{X) 
may change under the deformation of the complex structures on X, 
however, they claimed that the number 

J2(-^y'H2jR + l)Nl^, 
Jr 

is an invariant, and they defined the invariants n^(X) by (cf. |KKVt 
(3.2)]): 

(39) Y.4i^^^9 = E(E(-i)''"(2^'^ + iX.J[(jl)], 

9 3L 3R 
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where 



(40) /, = [(i) + 2(0)] 

Let us give some explanation of the physical notations. By SU{2)l and 
SU{2)r we mean two copies of SU{2). Let 

(41) ^^'^=("0' e-^ 

By [(jL,/?)] we mean the irreducible representation of SU (2) l^r on which 
tj R acts as 

diag(e2^'^--*^ e20,,«-i)^e^ ^ ^-2j,^n^e^ 

in a suitable basis. This representation has dimension 2j\l,_r + 1- Given 
a representation V of SU{2), its character xv is the trace of the matrix 
representation of t. In particular, 

(42) xiU)] = e'^'' + e'^'-'^'' + " " " + e"'^'', 

(43) XI, = {e'' + e-'' + 2)^. 
Write e*^ = — g, one gets: 

(44) xm = i-lf'{q'' + q'^'-'^ + ■■■ + g"'^), 

(45) XI, = {-iy{q"' - q~"'f'- 
Write Rg{q) = qS + gf^^ + . . . + Then by (139|), 

5^n^(X)(-l)^(gV^-g-V^)2^ 

= E(E(-i)''"''''"(2i'« + l)<.«(^))^2,,(g). 

Define 

(46) iV,^(X) = J2i-ir'^-{2jn + 1)</2,,(X). 

We then arrive at the following identity (cf. |HIVt (111)], see also \Z1\ 

my- 

(47) $^n^(X)(-l)^(gV2 - g-V2)2, = Nl{X)R,{q). 
The main observation of |Z1] is the following: 



Conjecture 1. Fix 5 > 0. For local Calahi-Yau geometries given 
by the canonical line bundles of toric Fano surfaces, N^^^^~^ (ks) is a 
quadratic polynomial in d, up to a suitable sign, when d is sufficiently 
large compared to 6. 
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It was also suggested in |Z1] that the argument in [KKVj might give 
an explanation of quadratic behavior of the transformed Gopakumar- 
Vafa invariants N^. 

Note the transformation from the invariants to 7V| is quite dif- 
ferent from the transformation of the node polynomials introduced by 
Gottsche [Got] (cf. §23D. 

4. Some Combinatorial Preliminaries 

In this section we collect some combinatorial results which we use 
later. 

4.1. Partitions and some associated combinatoiral numbers. 

Let /i = (yUi, fi2, . . . , fii, . . .) be a partition, i.e., /ii > > • ■ ■ is a 
sequence of nonnegative integers such that = for n ^ 0. We will 
use the following numbers associated with fi: 

/(/i) = |{i : /i/ > 0}|, |/i| = ^/ii, TJiii^) = \{i : fij = i}\, 




It is very useful to represent a partition fi by its Young diagram Y{fi). 
By transposing the rows and columns of Y{fi), we get the Young dia- 
gram of another partition, denoted by /i*. For a box x sitting at the 
2-th row and the j-th column of Y{fi), its arm number, leg number and 
hook number are defined by 

(48) a{x) = fii — i, l{x) = /i* — j, h{x) = a{x) + l{x) + 1. 

Let /i be a partition of > 0. Then /i can be used either to index 
an irreducible representation i?^ of S'„, or a conjugacy class of Sn 
(cf. e.g. |Mact §1-7]). In particular, R(n) is the trivial representation, 
is the sign representation; C(in) is the conjugacy class of the 
identity element, and C(„) is the conjugacy class of the n-cycles. For 
two partitions /i and denote by Xi^i^) the value of the irreducible 
character on the conjugacy class C^. They satisfy the following 
orthogonality relations: 




i>l 





i>l 



(49) 




(50) 
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4.2. Estimates of some combinatorial numbers. Let fi and u be 

two partitions of n. We write > z/ or z/ < // if tlie first nonzero yUj — Ui 
is positive. This defines an ordering on the set Vn of partitions of n, 
called the reverse lexicographic ordering |Mac] . 

Lemma 4.1. Suppose that /i, G Vn and ^> v, then one has 

(51) < riy, > Ku. 
In particular, if fi < (n), then 

(52) < K(„) - 2n. 

Proof. It suffices to consider the case when /i and u are adjacent in the 
reverse lexicographic ordering. Suppose that /(/x) = /. We have two 
cases to consider. 

Case 1. Suppose that fii > 1, then one has 

U = (/ii, . . . - 1, 1). 

Then we have 



n^-n^ = ^(i - l)/ii + (/ - l)/iz 



i=l 
l~l 

(5^(^-l)/i, + (/-l)(/i,-l)+/-l) 

i=l 

-1 < 0, 



and 



i-i 



fi.ifii - 2i + 1) + fiiifii -21 + 1) 



i=l 
l-l 



- ( ^ fi.ifii - 2z + 1) + ifii -!)(/,;- 1 - 2/ + 1) 



1=1 



+l-(l-2(/ + !) + !)) 
= /i;(/iz-2/+l)-(/i,-l)(/i,-2Z) + 2Z 
= 2/ii>0. 

Case 2. Suppose that /i^ > 1, fJ^k+i = = ■ ■ ■ = /^z = 1- Then we 
have 

^ = (/^l) • • • ) /^Zc-l, f^k — 1, ^'Zc+l = 1, • • • , i^i+i = 1), 
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and so we have 



and 



- + ^ (j - 1) . 1 



i=l 
k-l 



j=k+l 



J2fI^ + {k-l)■{fIk-l)+ J] 
i=l j=k+l 

-{I - k + 1) <0 



- 2z + 1) + J2 1 ■ (1 - 2j + 1) 

1=1 j=k+l 
k-l 

( - 2z + 1) + (/ifc - - 1 - 2A; + 1) 

4=1 
l + l 

+ 5] 1 ■ (1 - 2j + 1)) 

j=fc+i 

/ifc(/ifc - 2A; + 1) - (/ifc - - 2k) + 2/ 
2fik-2k + 2l > 0. 



□ 



4.3. Symmetric functions and their speciahzations. Let x = 

{xi,X2, ■ ■ ■) be a sequence of indeterminates. Consider the infinite 
product 11^^1(1 " ^i^)- C)ne has the following expansions: 



(53) \[{l-x,t) = Y,{-^fek{x)t\ 

i=l k=0 

00 ^ 00 

1=1 ^ ^ ' k=0 



(55) logJ](l-x,t) = -^Pfe(x) 



j=l A:=0 
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where 

«i<«2<---<«fc 

These date back to Euler. The following monomials of these symmet- 
ric functions can be used to obtain additive basis of the space A of 
symmetric functions: 

i>l i>l i>l 

so do the Schur functions defined by: 

where n > max{yUi, /(/i)}. The bases {s^} and {p^} are related as 
follows [Mi51 §1.7]: 

(56) s,{x)= J2 ^-Pvi^)^ 

(57) p^{x) = Xu{ti) ■ Sy{x). 

|r,|=|H 

4.4. Symmetric functions and their specializations. The follow- 
ing identities are also due to Euler: 

°o °° n.(n-l)/2 



(58) - q-z) = 1 + Y^-IYt^^^^^-^^'-^ 

n=0 n=l 



n-=i(i-9^) 



1 1 

n=0 ^ n>l •'■•'■^=1^ ^ ' 

From these one gets: 

-fc(fe-l)/2 

(60) efc(l,g-\g-2,...) = ^-— 



n 



9 

1 „-2 ^ _ 1 



(61) hk{l,q ,q , 

[/C]g-l! 

where we have used the following notations: 

(62) [k],:=l-q^, M,! := [1],[2], ■ ■ • [fc],. 
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It is trivial to see that 
(63) . . . 



We have [Mac] : 

(64) S,{l,<i-\q^\...)=q-<^^ n 13^' 

where Y{^) is the Young tableau of /i and is the hook number of 

X. 

4.5. Basic hypergeometric series. First we recall the following no- 
tations: 



aq 



1=0 

n-l 



Let 

Mg! = (g; g)oo. 

The following Lemma will be used repeatedly in this work (cf. e.g. 
[GRj . page 7-10). 

Lemma 4.2. We have the q-analog of binomial theorem: 



n>0 



(g,g)„ (z;g)c 



A particular case of fl65|) is when a = 0, we get the g-analog expo- 
nential function: 

1 



(66) E 



This is just another way to write fl59p . 

4.6. Link invariants of the Hopf link. For calculations of the Gromov- 
Witten invariants of local Calabi-Yau geometries, we will need the fol- 
lowing expressions arising from the colored HOMFLY polynomials of 
the Hopf link (see e.g. jXMVl H [Z2]): 

(67) w^i,^^(g) = v(/)v(?'^''"'), 
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where = (g'^/^ q''^^^, q'^/^, ■ ■ ■ ) and q^'+^ = {q^'^'^''^, gM2-3/2^ ^m3-5/2^ , , ,y 
These invariants have the following symmetric properties: 

(68) = ^^uAq)- 

The following are some examples: 

- g + 1 



W(2),(i)(g) = 
>V{i,i),{i)(g) = 

>V(2),(l,l)(g) = 

>V(2),(2)(g) = 



{q-iy ' 

(g-l)2(g2_l)' 

g^ — g + 1 
^ g^(g-l)2(g2-l)' 
g(g^ - g^ + 1) 

= (g-l)2(g2_l)2' 

g^ — g^ + 2g^ — g^ — g + 1 
g2(g-l)2(g2_i)2 ' 

g2(g^ - g^ - g'' + 2g^ - g + 1) 
(g-l)2(g2-l)2 ^ 



From these examples, one can see that W^^ has the following form: 
>V;,,4g = — - or -— , 

9{q) g{q) 

where /(g) and g{q) are polynomials in g. 

In general, if /(g) is a series in C[g,g~^]], i.e., of the form: 

a„g" 

n<M 

for some integer M such that qm 0, then we define deg^ /(g) = M. 
It is easy to see that these definitions are well-defined. In the following 
when we take deg^ of some function /(g), we mean first taking the 
expansion of /(g) into a series in C[g, g~^]]. If /(g) and g{q) are two 
series in g of the above form, then it is easy to see that 

m 

We define 



degg — ^ = degg f{q) - deg^ g{q). 



q^/'^fiq) 1 
^^Sg T-— = o + degg /(g) - deg^(g). 
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Lemma 4.3. For two partitions fi and v, one has 

(69) deg,W^,.(g)<|/i|-|z/|-(|/i| + |z/|)/2. 

The equality holds iff fi = and v = (|z^|). 
Moreover, if fi ^ (|/^|); 'we have 

deg, < ■ \v\ - + |z/|)/2 - (\v\ + 1), 

the equality holds iff fi = — 1, 1) and v = (|z^|); if ^ ^ and 
fj, 7^ {\fj,\ — 1, 1) , we have 

deg, W,,M < • - + kl)/2 - 2(|i^| + 1), 
the equality holds iff fi = — 2,2) and z/ = (|z^|). 
Proof. Because flM|) . we have 

(70) s^(g^) = J] 

where Y{n) is the Young tableau of fi and h{x) is the hook number. It 
is clear that 

(71) deg^s^(g'') = -1^1/2 -n(/i). 
Note 



q-h{x) ' 



( g'"^! _|_ q'rn{fi2-l) _|_ . . . _|_ qrn{fii-{l-l)) _|_ ^~mj j 



-m/2 / ^m^ti _|_ qm(fi2-l) _|_ . . . _|_ qrn(/ii-{l-l)) _| 1^ 



so one has for all partitions 77 with |?7| = |z/|, 

(72) PviQ'"^') = + ■ ■ • , 

where • • • stands for lower order terms. Hence by ( 156|) : 



\v\=W\ 



\v\=W\ 

= 5.,(H)g''^i-'^^ + ■ ■ ■ • 

In the last equality we have used the orthogonality relations for char- 
acters to get: 

2^ = ^^,(IH)- 

l'7l = IH 
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It follows that 

(73) deg,s,(g^+'') < /ii ■ \u\ - \u\/2 = deg, S(|,|)(g'^+0, 
with the equality holds iff r] = {\r]\). Therefore, by flHTI) . 

(74) deg, W^,. < fii ■ \u\ - n{fi) - ^(|/i| + = deg^ 

The equality holds iff rj = (|//|). Now we use the symmetry fl55]) to get: 
deg,W^,(|,||) = deggW(|,|),^ < deg^W(|,|),(^|) 

The equality holds iff /i = (|/i|). 

If yU 7^ {\fi\), we have /ii < — 1 and —n^ < —1, hence 

(75) deg, W^,. < (|/i| - 1) ■ - 1 - ^(1^1 + |z/|) = deg, >V(|,.|_i,i),(|.|). 

Moreover, if /i 7^ (|/i|) and fi 7^ (|;u| — 1, 1), we have /ii < — 2 and 
—"^ij, < ~2, hence 

(76) deg, W^,. < (|/i| - 2) ■ - 2 - ^(1^1 + |z/|) = deg, >V(|^|_2,2),(|H)- 

□ 

4.7. Explicit formula for W(m),{n)- In last subsection we have shown 
that 

degq W(,„),(„) =mn-{m + n)/2. 
In this subsection we will present an explicit formula for W(m),(n)- 
Lemma 4.4. The following identity holds: 

" -fc(m+l) 

Proof. By dnZD, dZO]) we have 

>V(H,(n)(g) = SM(g^)s(n)(g^™)+^). 

We now compute S(^rn){Q^) and S(„)(g(™^'^'?). Recall S(m) = hm, hence 

-m/2 

(78) s^m){qn = hm{q'') = -^^. 
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and 



n>0 n>0 

1 T-r 1 a 



^ i=l ^ j=0 j=0 

„m(n—k) — k 

n>0 fc=0 I- J'? 



Hence 



mn—{m+l)k 

(79) ^(n)(g^-^^^) = g-"/^E m , • 

fc=o ^ J"? 

This completes the proof. □ 

5. Closed Formula for Leading Gopakumar-Vafa 
Invariants of Local Geometry 

In this section we will explicitly compute the Gopakumar-Vafa in- 
variants n^f ^^^'^ '^^^'^ ^ of for < 6 < d — 2 based on duality with 
link invariants. We will verify the predictions of Katz-Klemm-Vafa 
|KKV] in this case. This method will be generalized to the case of 
< 6 < 2d — 4 where no predictions of the closed formula have been 
made in the literature. It will be applied to other toric Fano surfaces 
in Part II of this paper |GZ] . 

5.L A formula for the free energy F'^r^ . Since H2{f'^;Z) = ZH, 
where H is the hyperplane class, we will use an integer d to index 
a homology class in if2(IP^;^) and write K^{K,p2) for K^^^{kt^2). The 
instanton part of the free energy of kt^2 is 

(80) F^^- = J2 A'^-' Yl ■ 

and the topological partition function of the local geometry is de- 
fined by 

^«p2 ^ expF'^p^ 

It can be explicitly computed |AMVt HI [Z3] by Chern-Simons invariants 
of Hopf link: 

Z-r^= J2 W,,i,^2(g)W^2,^3(g)W^3,,,i(g)-g^^'-V(-t)E?=ilM^ 
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For a fixed d > 1, denote the coefficient of in Z^p^ by T{d), and 
denote by F[d) the coefficient of in F'^r'^ , i.e., we have 

^ l + J2lid)t'^, 

d>l 

^«p2 = F{d)t'^. 

d>l 

So from = log Z'^p^ we have 
F(1)=X(1) 

F(2) = X(2) - ix(l)^ 
F(3)=X(3)-X(l)J(2) + ix(l)^ 

in general 

(81) ^(^) = E^^X~ 5Z X(c^i)---X(4). 

fc>l diH hiife=d 

It is clear that 

(82) x(d) = (-i)'^- ^^^^'^^'''''^^,\A(i)^,^A(i)^,^A^)^ 

so one has a way to explicitly compute all F{d) and hence compute 
the Gopakumar-Vafa invariants of P^. This has been used in |AMVj 
to obtain a table of Gopakumar-Vafa invariants of Kp2, on which the 
observations in |Zlj were based. In this section we will use it to obtain 
closed formula for some leading Gopakumar-Vafa invariants. 

5.2. Degree estimates for F'^r^. Our starting point is the degree 
estimates of the terms in X{d) based on Lemma 14.11 and Lemma 14.31 
We regroup the terms in X{d) as follows: 

X{d) = {-lY- J2 ?^^^''^'^Ww),(<^2)(9)>V(,,),(,3)(g)W(,3),(,,)(g) 

T,idi=d 
I 

+ (-1)'^- 9'^^'^'''^f^.M^,2,M^,s,M, 

Ei \^J■i\=d 

where Yl'\fii\+\fj.2\+\tJ.3\=d i^^ans at least one of fi^, fi^, fi^ is not of the form 
(m). By dZZD/ 

E 'i''^'^''-' ■ >V(dO,(d2)(9)>V{..),(d3)(g)>V(,3),(,,)(g) = q^''-''^/'wM, 
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where 



(83) E EEE rui nil n ' 

rfi+rf2+d3=rf fci=0 fc2=0 fc3=0 1 lj=lU"«Jg-i • L^ijg-i 

In particular, we have 
(84) 

deg, Yl ?^^'''''^''"^('^i),{'^2)(?)W(d2),(<i3)(9)W(d3),(do('?) = id^-3d)/2. 

Lemma 5.1. Assume that such that = d^, i = 1,2,3, 

and at least one of them is not of the form (m) . 

deg^(gi ^^^.W,,,, (g) W^,^3 (g) W^3Mi (?)) 

< -{di + d2 + d-i)-2. 

Proof. There are three cases to consider: Case 1. Exactly one of /x*'s 
is not of the form (m); Case 2. Exactly two of /i"s are not of the form 
(m); Case 3. Exactly three of /i*'s are not of the form (m). For Case 1, 
assume /i^ = (cii), /i^ = (^2), = d^ but //'^ 7^ (^3), then by Lemma 
14.11 we have 

- deggg'^(^3)/2 < -d^^ 

and by Lemma 14.31 we have 

degg>V(d2),^3(g) - degg>V(d2),(d3)(9) < -(c?2 + 1), 
degg W^3,(rf^)(g) - degg >V(rf3),(rf,)(g) < -(rfi + 1), 

therefore, 

deg^(giEL.«K)+|-.3 . >V(,,),{d2)(g)>V(rf2),^3(g)>V^3,(,,)(g)) 
- degg(g^ELi-K) .>V(^^^^(^^^(g)y^(^^^_^^^^(g)y^^^^^_^^^^(^)) 

< -4 - (c^2 + 1) - (c^i + 1) 
= -d-2. 

The other two cases can be treated in the same fashion. □ 

We will use the following notations: For a series /(g) and g{q) of the 
form 

/(g) = a„g" + a„-ig""^ + a„-2g""^ + ■ ■ • 
where n G Z, and m G Z such that m < n, define /(g)|g>m by 
/(g) = a^g" + a^-ig''"^ + a„-2g''"^ + ■ ■ ■ + a^g". 



GV INVARIANTS, HILBERT SCHEMES AND QUASIMODULAR FORMS 27 

If /(g) and g{q) are series of the above form, and f{q)\q>m = g{l)\g>m, 
then we write 

/(?) = ^(g)lq>™- 
So we have proved the following: 

Lemma 5.2. For d > 1, 

(85) I{d) = {-iyq^'''-^''^/^Wd{q) 



>{<fl-3d)/2-d-l 



deg,(X(rfi) ■ ■ ■X(4)) = - 3di) + --. + {dl- 34)] 



q 

Proposition 5.3. For d > 1, deggF{d) < {d^ — 3(i)/2. Furthermore, 
all the terms of the form g(<^^-3'^)/2-5 jg^^ Q < 6 < d — 2 come from X{d) . 
I.e., 

(86) F(rf) =X(rf)|^>,rf2_3d)/2-.+ 2. 

Proof. Suppose that /c > 1, and di,...,dk > are positive integers 
such that di + ■ ■ ■ + dk = d, then 

= ^{d^-3d)- J2 didj <^{d^ -3d)-{d-l). 

l<i<j<k 

Here we have use the following inequality: For positive integers di, . . . ,dk 
{k > 1), one has 

k 

(87) Yl didj>J2d,-l. 

l<i<j<k i=l 

This can be easily proved by induction. The proof is completed by 
noting dHU). □ 

5.3. A vanishing result for Gopakumar-Vafa invariants for lo- 
cal P^. For the local geometry the Gopakumar-Vafa Conjecture has 
been proved by Peng [P] and Konishi [Koll IKo2] . So we have 

d>l g>0 k>0 

for some integers n^(Kp2). Therefore by comparing the coefficients of 
f^, one gets: 

(89) F{d) = EE</.('^rO^^(g^ -g-^)^^-^- 

k\d g>0 



28 SHUAI GUO AND JIAN ZHOU 

This must be a finite sum because we have 

(90) deggF{d) = {d^ -3d)/2. 
It follows that if n^^^ 7^ 0, then 

(91) k-{g-l)<{d^- 3d)/2. 
In particular, taking k = 1 we get 

Proposition 5.4. For the local geometry, if n^^ 7^ 0, then 

(92) g<g{d):={d-l){d-2)/2. 

This was empirically observed in |GVll lAMV] and proved by Peng 
[P] by similar arguments. 

5.4. Leading Gopakumar-Vafa invariants for local P^. With the 
above vanishing result one can rewrite fl5I?]l as follows: 

(93) F{d) = J2I1 - 

k\d g=0 

We can write it as 

(94) F{d) = J2F\d), 

k\d 

where 

(95) F'^id) = J2 </kM^-^ii-^ - <i-^f'-'- 

9=0 

Because for k > 1 and < g < g{d/k), we have 
deg^(gt_gl)29-2^^.(2^_2) 

< ^■{2g{d/k)-2)=^-{^-3d) 

= l{d'-3d + 2)-[^{d-^) + l]<g{d)-d, 
moreover if d > 3 we have 

deg,(gt - qly9~2 < - (^ + 1) < gid) - {2d - 3). 
So one gets, 

9(d) 

(96) F{d) = F\d) = ^n^(«:p.)(-l)3-i(gl -g-|)25"2 



5=0 



g>g{d)-d+l 
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and if c? > 3 

(97) F{d) = F\d) 



q>g(d)-2d+A 



In other words, 



9{d) 

(98) n^A>^^.){-iy-\q'^ - q~-^ f^-' = F(rf) 

g=g{d)-d+l 

Now we combine this equation with f lSBj) and f lS^ to get: 

gid) 

(yj) g=g{dyd+2 

=(-!)'■ g^''"'')/'w-d(g)|,..(.)-.+i. 

The following easy result will be useful: 
Lemma 5.5. Suppose that f{q) = g{q)\q>rn. Then 

(a) Qfiq) = q9{q)\q>^+^- 

(h) For 3 > 0, (1 - q~^)f{q) = (1 - q~^)g{q%>n.. 

Proof. Suppose that /(g) = a„g" + a„_ig"'^H \- amq"^ + am-iq"^'^ + 

■ ■ ■ , and g{q) = anq"" + a„_ig""^ H h a^g™ + H , then 

we have 

qfiq) = anq""^^ + a._ig" + ■ ■ ■ + a„g"^+i + a^_ig"^ + ■ ■ ■ , 
qg{q) = a^q""^^ + a„,-ig" + ■ ■ ■ + a„g™+^ + fe^g"""^ + • • • , 

this proves (a). Similarly, 

(1 - g~^)/(g) = a„g" + a„_ig''-^ + ■ ■ ■ + a^g"' + a^^ig^-^ + ■ ■ • 
-a„g"-^' + a„_ig"-^-^' + ■ ■ ■ + a^q^-^ + a^.ig™"!"^' + ■ ■ ■ 

(1 - g~^)^(g) = a„g" + a„-ig""^ + ■ ■ ■ + a^g™ + ft^-ig"""^ + ■ ■ ■ 
-a„g"-^' + a^-ig'^-^-^' + ■ • • + a^g"^"^' + fe^-ig'^'"^"^' + ■ ■ ■ , 

hence (b) is evident. □ 

Multiplying both sides of fl99|) by g(l — g~^)^, we get by the above 
Lemma: 

g{d) 



g=g(<i)-d+2 

>g(d)-d+2 . 



'-lY.q9i^){l-q-^f.WM)l>-o 
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It follows that for fixed rf, when g{d) — d + 2 < g < g{d), n^(Kp2) is 
determined by the coefficients of g' in Wd{q) for —d + 2 < I < 0. Such 
invariants will be referred as the leading Gopakumar-Vafa invariants. 

We will not directly evaluate n^(fi:p2), but instead will consider the 
transformed Gopakumar-Vafa invariants. 

5.5. Transformed Gopakumar-Vafa invariants. Recall the trans- 
formed Gopakumar-Vafa invariants N^{k,^2) is defined by: 

g(d) gid) 

g=o 9=0 
Multiply both sides by 1 — g"^ to get: 

g{d) g(d) 

iV|(«:p.) ■ {q^ - q-^-') = (1 - q^') 5^(-l)%^(«:p.)(g^ - g"^)^^- 

9=0 9=0 

We take the terms of the form q^ ioi k > g{d) — d + 2 to get 

g{d) 

g=g(d)-d+2 

(101) 9{d) 

= {l-q~')Y.^-iyn%K^.){q^-q''^f^ 

9=0 

= {-lY-\l - g-2)(i _ q-^Yq9i'^)wM\e-^i^)-^^-- 

So in order to find the leading transformed Gopakumar-Vafa invariants 
iV|(fi;p2) for g{d) — d + 2 < g < g{d), we need to find the coefficients of 
q-^ in Wd{q) for 5 < d - 2. 

5.6. Calculations oiWd{q) by hypergeometric series. In this sub- 
section we will evaluate the following summation: 

^ Jil^ J± r,~k2(di+l) -k3id2+l) -ki{da+l) 

(102) wM= E EEE 



di+d2+d3=d ki=0 k2=0 ^3=0 



For m > 0, we introduce an operator : C[[x]] — t- C as follows: For 
f{x) = ao + aix + a2x'^ + ■ ■ ■ , define 

(103) T^f{x) := ao + fli + ^2 H h a^. 

Lemma 5.6. The following identities hold: 
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m 



q-k{d+i) ^ I 



k=0 
d-1 



Proof. Take z = xq in fl66|l . 



(106) 5: ^ 



Then one applies on both sides to get the first identity. For the 
second identity, just note 



(107) 



1 {q-'''-']q-': 



oo 



[d2]q-l\ [00]q-l\ 



□ 



By (IID5D, 





d2-l. 


q 




(xg" 


-d2-l 


;q' 


j oo 


(q- 


di-1. 


q~ 


Joo 


{xq' 




;q' 


J oo 




-da-l. 


\q~ 


7oo 



^ rT.". ( ;^ , : ^ r - 1 



Now we can regroup the terms on the right-hand side of (11021) as 
follows: 



(108) 



WM = Wl{q) + Wj{q) + Wl{q) + W'M. 
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where 

(109) = E = 



loo 



oo 



(xg-'^i-i;g-i)oo 



I (? ^ ) ^ )oo _ 1 



(112)W^i(g) = 3 J2 n ! n3 " 



1 / (g-'^-i;g-i)oo 



/ 00 



J2di=d 

Lemma 5.7. VFe /iawe i/ie following formulas for the leading term: 

r;^ "i;^ 

Proof. These follow from straightforward calculations: 
1 1 



Similarly, 



_^.(g-('^+i) + ...) = ^-('^+i)_ 



rpx ( _V1 1 1 /-JO 1 



rjiX 



d-1. 1 



{xq ^;q 



/CO (q-d-l.q-1)^ 

Em g-'=(<i+i) 
fc=0 ^ _ 1 



Z^fc=0 [fc]^_l! -j^ _|_ ^'=="1+1 W„-l! 



^fe = [fe] 
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where in the third identity we have used ( l66l) . □ 
Using Lemma 15.71 we get 

W!{q) = 3 + ■■■)■ + ■■■), 

it follows that deg^ W^il) < —{d + 2). Similarly, 

deggW^iq) = max{-(rfi + l){d2 + 1) - (rfa + + 1) 

-(4 + 1)K + 1) : rfi + ^2 + 4 = 4 < -(2c^ + 3). 

Since we are concerned with the coefficients of for —d + 2 < / < 0, 
such part of contributions are all from W^{q) and VFj'(g). 

5.7. Computations of 
Proposition 5.8. VFe have 



Proof. Consider 



d>0 

Hence 

d>0 



1 



(t,g-i)oo (l-t)(g-i,g-i)c 
1.1 1 



limV 



t-V{tq-\q-^)^ {q-\q-')c 
d 1 



[oo]g-i! [d]g-i\J dt{tq \g i)oo 

1 g 



□ 



Proposition 5.9. Write 



3 ^ / (g-'^-^g-^^ 



W'^ = V TJ ( - 1 



i>l 
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Proof. We use Abel summation to carry out J2di>o- 



lim 



- 1° 



liml^ ^)°° \^ N L 



{q ^)oo _ {xq ^t;q 



1 -t 



In the last equality we have used the g-binomial identity ( 1651) . Note 



So we can move forward as follows: 



di>0 



lim ■ 



1 ( {q ^]q ^)oo (a;g 



t^i t- 1 VN-^g-^)oo {tq-^]q~^)oc 
_d_f (g~^g~^)oo (xg~H;g~^ 
rftVN-';9-')oo ' itq-^-^q-^) 
y-^ / xg^' g" 



j>l 



xg 



1-g' 



Note 
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SO we have 

(9-*"';r')co 



E E 

d2>0 di>0 



(xg-'^i-i;g-i)oc 



E^sE I 



d2>0 i>l 



xg * 1 — g * 



l-q- 



d2>0 i>l 

As a corollary we have 
Proposition 5.10. We have 

(116) W^iq) = - 

Proof. Just consider 



1 _ ci 



i>l 



□ 



00„-i. 



-^^2 



-3 



oo 



,13 ^d2 ( 

■ di+d2>d ^ 



{q-''^-\q-^\ 



by Lemma [5.71 we have 



deg H/'/(g) = max{-(rfi + l){d2 + 1) : rfi + c/2 > 4 < -(^^ + !)• 



□ 



Combining all the results in this subsection, we get 



Theorem 5.11. When Wd{q) is expanded into a series in C[g, g ^]], 
one has 



(117) W,{q) 



[oo]g-i!= 



d + 2 



(i-q-^y 

i>l ^ ^ ' 



5.8. Computation of leading transformed GV invariants. By 

f fTOTj) we have 



d-2 



118) ^(-i)'^"iivf )-^(«:p.)g-^ = (1 - g^^)(l - g"^)2W^,(g)|,,-.+.. 



5=0 
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Hence by Theorem 15.111 we get: 

d-2 

E 

(119) 



5=0 



'd + 2 
2 



3E 



i>l 



~i\2 



„>~d+2 



In other words, we have proved the following 

Theorem 5.12. ForS > 0, whend> 6+2, Mj(fi:p2) := {-ly-^ Nf'^^~\Kp2] 
is a quadratic polynomial M^{d) in d, and they have the following gen- 
erating series 

i.roi / /- . 2 



(120) 5^M5(x)g^ 



<5>0 



00 ! 



13 



X 



i>i ^ 



,i\2 



The first few terms as in the Introduction where we use for Ms{d) 



are 




(121) 


Moid) 


(122) 


Mi{d) 


(123) 


M2{d) 


(124) 


Msid) 


(125) 


M^id) 


(126) 


M^id) 


(127) 


Me{d) 


(128) 


M-r{d) 


(129) 


Ms{d) 



i(rf2 + 3d-4), (d>3) 
-{d^ + 3d-6), (rf>4) 



y(c/2 + 3rf) - 144, {d>7) 



67 

y(c/2 + 3rf) - 626, (c/>9) 
117 

{d^ + 3d) - 1233, {d>10). 

2 



5.9. Closed formula for leading GV invariants of local geom- 
etry. Recall the GV invariants and the transformed GV invariants 



are related as follows 



g{d) g{d) 
(130) ^(-l)%^,(gV2 _ ^-1/2)2, ^ J2 Nl{q^ + + ■ ■ ■ q 
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Denote by SP{q) the space of Laurent polynomials p{q) G C[g,g~^] 
such that 

p(g-i) =p{q). 

Consider the following two bases of SP{q): 

(131) S, = {q'/'-q~'/'f^, 

(132) R^ = ^q9 + q9~2^,,,^^^9y 

Lemma 5.13. The bases {Sg} and {Rg} are related as follows: 

(-) .,^gMr<(;_g-c_t,))% 

Proof. By applying the binomial expansion to fll3ip one gets: 



(135) Sg = g^-i^ ^jq^-' + ^ J?'"' + ■■■ + ? 

From this one gets the first identity. To prove the second identity, 
consider the generating series: 



oo ^ 



9=0 

I I q q 



1 / 



q-q-'\,l-qt I - q'H ) (1 -,()(!- 5-4) ' 
By an elementary calculation one can see that 



[l-tf \{l-tf 

I.e., 



g>0 i=0 



□ 



As a consequence we have 
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Lemma 5.14. The GV numbers {n^^} and {N^} are related as follows: 



(-) --(-)'g((;-\)-CJf-.))' 

(137) "S^l-D'E^jf't^r)- 

h>g ^ ^ ^ 

Applying this result, we have for the local geometry, 

(138) nf^-\K^.) = (-l)^W-^^ivf . [2^^^) ^) 



Recall g{d) = ('^ ^K'^ ^) by Theorem I5■12^ when d > 5 + 2, the 
number {-lY^^N^^ '~^ is a quadratic polynomial, it follows that under 
the same condition, (^—i^sW+rf-i-^j^sW ^(^i^^^) is a polynomial n5((i) 
given by: 



d'^-3d + 3-6-j 
5-J 



(139) n5(d) := ^Mj(rf) ■ 

The first few terms are 

(140) no(rf) = ^(rf2 + 3rf + 2), 

(141) ni(d) = ^d(d- l)(rf2 + d-3), (d>3) 

(142) n2(rf) = ^(d-l)(ci^-2ci^-6ci=^ + 9ci2 + 36), (rf > 4) 
Theorem 5.15. Let t and q be related by 

n/iQ^ , g 1 + 2t - VTT^ 
^'''^ '=(1^' ' = 2t • 

Then we have 

(144) $:n,(x)t^ = . _ _ ■ E^.(^)g^' 



and 
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Proof. We will use the following identity: 



From this we get 



S>0 <5>0 j=0 ^ J / 

j>0 k>0 ^ ^ 



1 + v/r+4t 



x2-3x+4 



i>o 

1-q 1 



1 + g (1 - 



2 

J2M,{x)q^. 



This proves the first identity. Now the second identity follows from the 
first one and Theorem 15.121 as follows: 



J2ns{x)t^ 

5>0 



1-q 1 [l]^[2]ffx + 2\ q' 



1 + q (1 - g)=^'-3^+4 [oo]!3 VV 2 J ^(l-g*)2 



[cx)]!3 VV 2 ; ^(1-5^2 



□ 
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Note there is an amazing similarity with Gottsche-Yau-Zaslow for- 
mula |Gotj (see also f lT^ ): 

J2 Ts{L\ L ■ Ks, ci(^)2, c2iS)) ■ {DG2{q)Y 

(A(g)D2G2(g)/g2)x{Os)/2 
where D = q-^, G2 is the second Eisenstein series 

1 1 r? 



n>0 d\n n=l 



Note 



(147) DG2 = J27l 



2^n 



n q 



n=l ^ ' 

and t is the first term in the above expression of DG2- 

5.10. Comparison with the predictions by Katz-Klemm-Vafa. 

In this subsection we will match our results with the prediction of 
Katz-Klemm-Vafa |KKVj in the case of local P^, where the formulas 
for < (5 < 3 were presented. They have used |KKV[ (5.4)-(5.6)], We 
will instead use jKKVl (4.2), (4.15)]. 

Our notations are different from that in |KK Vj . Denote by Ch'^(p2) 
the Chow variety of degree d plane algebraic curves. By the genus 
formula, a generic curve in this space has genus 

Each such curve is defined by a nontrivial homogeneous polynomial in 
three variables x, y, z of degree d, and the space of such polynomials 
have degree ('^^^), so we know that Ch'^(p2) is a projective space of 
dimension 

(148) g{-d) - 1 = ^ . 

The prediction of |KKVt (4.2)] in the local case is 

(149) nf\K^,) = (-l)<^^-c^'('^')e(Ch'^(p2)) = (_i)(rf^+3^)/2 + ^ 

Denote by vr : C'^(p2) Ch'^(p2) the universal curves, and for each 
i, let 7r(^) : ^^(P^)^^) Ch'^(p2) be the relative Hilbert schemes of 
j points. In other words, each fiber of vr is a plane algebraic curve 
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C C P^, and the corresponding fiber of ir^^^ is tlie Hilbert sclieme of j 
points on C. It follows that there is a natural map 

because of a 0-dimensional subscheme of length j on a plane algebraic 
curve C is automatically 0-dimensional subscheme of length j on P^. In 
the first paragraph of |KKV[ §8], the authors claimed that for j < d+2, 
Lf^^^ is a fibration with fiber P'^('^+3)/2-j^ then one has 

e(C'^(p2)(j')) = e(P'^('='+3)/2-J) . e((p2)(J')) 

(150) + 

2 



It follows that when d > j - 2, e(C^(p2)(j)) is a quadratic polynomial 
ej{d) in rf, and we have the following generating series: 



(151) J^e.ixW = ^ ■ ^((P^)"^)^^' 



i>0 j>0 

By Gottsche's formula, 

1 



^p('l'p2^|(j)^|^i 



,>o nn,>o(i - ?")^("') n.>o(i-9"P' 

By applying the operator D = we get: 
Hence 

(-) 5:.w.-^(^^i^-3i:T^). 

j>0 I- -I ^ 11=1 ^ ^ 

By comparing with Theorem 15.121 we get 

Proposition 5.16. The polynomials Ms{x) and ej{x) are related as 
follows: 

(153) 5^M,(x)g^ = (1 - qfil - q') ■Y.e,{x)qK 

<5>o i>o 

The prediction of |KKV[ (4.15)] in the local P^ case is 

(154) nf^-\K^.) = (-l)^'-^^''(^^)+^X^%(rf)-j,5-j>(C'^(P^)(^)), 

j=0 
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where 



(155) big^k) 



1, k = 0. 



Note there are some misprints in the formula for b{g, k) in [KK Vj . but 
the correct expression can be found in [KKVl (5.5)]. It is clear that 

Since we have defined the numbers ns{d) = (— 1)9('^)+'^~i~'^?t,^'-'^^ ^{kp2] 
we can rewrite fll54p as follows: 

s 

(157) ns{d) = J2 Kgid) -J,S- J>(C'^(P2)(^)). 

j=0 

Theorem 5.17. Let t and q be related by 



n^s^ , 1 1 + 2t - y/TTit 

^'''^ ' = JT^^^ ^ = 2t ■ 

Then we have 

(159) Y.^s{d)t^ = 713^3^ E^^' -^(^'(P')^^'; 

Proof. We use fll46p to get 



)t' 



y^^ns{d)t 

S>Q 

^t^' ■e(C'^(p2)(^)) 

j>0 

'2(7 - 2 - 2j - k\ f2g-3- 2j - k 
k [ k-1 



t^ 



•El 

A;>0 

— i-i^5:,'.e(CV)«)). 
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In the last equality we have used t = -(jz^f- ^ 

Now the prediction by Klemm-Katz-Vafa |KKV] for the local 
geometry can be formulated as follows: For S < d + 2, 

'//29{d)-2-j-6\ f29{d)-3-j-6 
(160) 2^^[[ S-j S-j-1 



d + 2 
2 



Theorem 5.18. The formula in Theorem \5. 15\ matches with (11601) . 
Proof. By f fHSjl . 

EM.).'^^E..((^r)-.).e,(P^P) 



1 1 f{ d + 2){d+l) ^y. ng" 

2 ^1-0" 



n=l 



which is the right-hand side of (11451) . □ 

5.11. Another comparison with Gottsche-Yau-Zaslow formula 

for P^. Let us make a comparison with the work of Kool, Shende 
and Thomas |KST] on the number of 5-nodal curves in a generic 6- 
dimensional linear subsystem P^ C |(9p2((i)|. Let — t- P^ be the 
restriction of the universal family, and let (C^)^-'^ — ?■ P^ be the relative 
Hilbert schemes. Then by |KSTl Theorem 3.4], there is an expansion 
of the form: 

oo g{d) 

(161) g^-^('^)5^e((Q^)(^))g^= Yl ""rt'-^^ 

j=0 r=g{d)-S 

where t = -(jZqf is exactly the variable t we use in Theorem 15.151 
Furthermore, the leading coefficient ng(^(i)-5 is the number of (5-nodal 
curves in P^. 

5.12. Three invariants associated to three bases. We rewrite the 
identity (I153p as follows. First we have 

J]M,(x)g^+i = J2e,ix) ■ (1 - qfil - q')q^^\ 

S>0 j>0 
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then change g to to get: 

5>0 j>0 

We then subtract the second identity from the first one and divide both 
sides by g — g^-*^ to get 

(5>0 j>0 

This suggests to introduce a third basis of SP{q) as follows: 

f 1, 9 = 0, 

(162) T, := \ (gV2 _ ^-i/2)2^ g ^ 

[ _ ^-1/2)2(^5-1 + g-(9-l)), g>2. 

Lemma 5.19. The bases {Sg} and {Tg} are related as follows: 

(163) Sg = j2i-^y~'C':-h, 

^-g(C:-r)-(:-r-?))^>- 



Proof. The first identity follows easily from the definitions by writing 
Sg = (g^/^ — g"^/^)^ ■ (g^/^ — g-i/2)2g-2 g^j^^ applying the binomial ex- 
pansion to (g^/^ — g~^/^)^^^^. For the second identity we apply ([12 
to get 



j=0 
9 



i=i 



nr:ir)-(:!r-?))^^ 



□ 



Define the numbers {E^ : < h < g{d)} as follows: 

9{d) 'Ad) 

(165) Y.^-iyn',Sg = Y,E^,Tn. 



9=0 /i=0 
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As a corollary to the above Lemma, we have 

Lemma 5.20. The numbers {n^ : < g < g{d)} and the numbers 
{E^ : < h < g{d)} are related as follows: 

9{d) 



9(d) _ „x 

(167) i^5=(-i)^E(;_,) 



g=h 

In particular, if we set g = g{d) — 6 and h = g{d) — j , we get 

g{d)-5 _ I . \g{d)-5 jpg{d)-j 



'168) J=o 

■/2g{d)-6-j-l\ _ f2g{d)-6-j-3 

\ 5-3 ) V 5-3-2 
It is not hard to check that 



(169) 



So we have 



(2g{d)-6-3-l\ _ f2g{d)-6-3-3 
V 5-3 J V 5-3-2 
/2g{d)-2-3-5\ /2g{d)-3-3-5 
\ 5-3 J \ 5-3-1 



5 

g(d)-S _ ^g{d)-S ST^ T^gid)-S 



'^d - y~^) ^d 



(170) J=o 
j2g{d)-2-3-5\ /2gid)-3-3-5 

V 5-3 J \ 5-3-1 

By comparing with (11601) . we get the following geometric interpretation 

(171) Ef^-' = (-l)^+ie(C^(p2)0)). 

To summarize, we have discussed three bases of SP{q): 
Rg = q' + q'-^ + ■■■ + q-', 

,1/2 _ ^-l/2N2g 



Sg = {q'" - q 

1, ^? = o. 



T 
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and their associated invariants N^, and E^. From the geometric 
point view, is most natural, but from the representation theoretical 
point of view, the introduction of Tg is artificial and Rg is most natural. 

6. Going Beyond the Predictions of Katz-Klemm-Vafa 

In this section we will refine our method in last section to compute 
the Gopakumar-Vafa invariants ^^^'^ ^''^^ ^ of k^2 for < 5 < 2d— 5. 
We will go beyond the predictions made by Katz-Klemm-Vafa |KKV] 
for the case when yp'^-'^'s are fibrations. We have the following stronger 
version of Theorem 15.121 

Theorem 6.1. For 6 > 0, when d > {6 + 5)/2, the transformed GV 
invariants Mj(Kp2) := (— 1)'^~^A^^'''^^ '^('^pa) is almost a quadratic poly- 
nomial Ms{d) in d, and they have the following generating series 



This theorem is a corollary of Theorem 16.121 

Under the same conditions, under the same condition, the numbers 
(^^\y{d)+d-i-5 ^9{d) ^(^^^2) is almost a polynomial ns{d) given by: 



(172) 





(173) 




As a consequence we then have 
Theorem 6.2. Let t and q be related by 



(174) 
Then we 




l + 2t- v^rT4t 
2i 



(175) 





Proof Just recall ([HI]): 
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□ 

Recall the prediction of |KKVt (4.15)] can be rephrased as follows 
(cf. (USSD): 



;i76) j:Md)t'= 



<5>0 '^^ j>0 



Hence by (11751) we get the following prediction for the Euler numbers 
of relative Hilbert schemes: 

(177) ^ 

-[3] f fd+l\ q' ^ 



3 V 

[l]2[oo]!3 VV 2 y ^(l-g02 "l_g3 
modulo g^'^"^. It is interesting to establish this geometrically. 

6.1. A formula of X{d). Recall that by formula (182|) . we can write 
down the leading terms of I{d) in the following form: 

E l d.i=d- 

+ (-I)'' ■ 3 ^ qh('^{di)+'^{d2~i,i)+'^(d3)) 

•>V(di),(d2-i,i)(g)W(d2_i,i),(rf3)(g)yy(rf3),(d,)(g) 

+ ■ ■ • 

=(_i)yw-i [ty^(g) +x(2)(g) + . . .■ 

where 

■>V(d,),(rf2-i,i)(g)>V(rf2_i,i),(d3)(g)W(d3),(d,)(g). 

Proposition 6.3. We have the following degree estimates: 

deg,(X(rf) - (-1) V(^)-^ ■ Wa{q) = {g{d) -l)-{d + 2), 

deg^{I{d)-{-irq^^'^-'[W,{q)+I^'\q)] = {g{d) - 1) - {2d + 1). 

Proof. The first estimate is in fact a reformulation of Lemma 15.11 For 
the second one, note that for three partitions fj,^ , fi"^ , fj,^ of di,d2,d3 



3- 
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respectively, if they are not of the following forms: 

(di), (^2), (4) 

K-l,l),(rf2),(4) 
(dl),(d2-l,l),(rf3) 
K),(rf2),(f/3-l,l) 

then there are two cases: Case 1. They are of the forms 

(rfi-l,l),(rf2-l,l),(c?3) 
(rfl),(c/2-l,l),(rf3-l,l) 

(di-i,i),(rf2),(4-i,i) 

Case 2. One of them say /i* must have fi\ < di — 2. 
For the first case, recall 

where g^^+f = (g^^S g^^-^, ■ ■ ■ )• By = hd^ih - h^, 

1 — g ^ 

Hence 

degg>V(rf,_i,i),(d2-i,i) = -^{di + d^) + (-1) + (^2 - l){di - 1), 



we have 

degg 



g|(K(dl-l,l)+«;(d2-l,l)+''(d3)) 

Zli di=d 



■ W(<ii-l,l),(d2"l,l)(9)"l^(d2-l,l),(d3)(?)"'^(d3),(di-l,l)(?) 

= (5((i) - 1) - (di + d2) - (rfi + ^2 + 4 + 1 + 4 + 1) 
= (r7(d)-l)-(2rf + 2). 

For the second case, without loss of generality suppose that ij\< d 
By Lemma [4.31 

deg, W^i,^2(g) <d,-d2- (c/i + 4)/2 - 2(^2 + 1), 
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hence 

di=d 

<{g{d) - 1) - (2rfi - 1) - 2(d2 + 1 + 4 + 1) = {9{d) - 1) - (2d + 1) 

The equahty holds if /ii = {di — 2,2) and /i2 = {d2),^3 = (ds). This 
finishes the proof. □ 

Now we can write down the following formula for more leading terms 
oiI{d), which is in fact a generalization of Lemma [5.21 and Theorem 

EH 



Theorem 6.4. We have 

1 



178 



I{d) 



3-q 



OOL-i!- 



d + 2 



-d~2 



-1\2 



d+1 
2 



^ 1 

i>l ^ 



i>l 



- 9 
+ 3 



i\2 



+ 



,>-2d 



We will finish the proof in the following two subsections. 

6.2. Contribution of W^- First we consider the g>-2d contributions 
from Wl yVl and . Since 

deg,iy,^<-(2d + 3), 

it has no contribution. Recall 



-3 E 



= 3 



([oo] 



rpX 



(a;g-'^i-i;g-i)c 



by Lemma [5.71 



degg W^'iq) = max{-(di + l){d2 + I) : di + d2 > d + 1} 

3 

degglV'](g) = max{-(c/i + l)(c/2 + 1) - (c^2 + + 1) : ^rf^ = rf} 
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If di, d2 > 1, we have 

- (c/i + l){d2 + 1) = -{di - l){d2 - 1) - 2{di + d2) < -2d. 
If (^2 > 1, we have 

- {di + l){d2 + 1) - {d2 + 1)(4 + 1) 

= -{d + did2 + + ^2 + 2) < -(2d + 2). 

Hence we only need to consider the terms of di = or = (respec- 
tively d2 = 0) in the summation of (respectively W^). 
Since 



T; 



d2 



(9 



-di-1. -1\ 

1 H )oo 



(xg-'^i-i;g-i)oo 



1 



1^2=0 



I H Joe 



(xg-'^2-i;g-i)oo 



T; 



<i3 



^2=0 



(xg-i;g-i)c 
1 



We have the following formula of these terms: 

2-3 >r^, 1 1 



[00]g-l! [d-slg-ll 



(179) W!{q) 



-2d/ 



H,-.! 1*1,-.! 



1 



1 



[00]g-l! [dl]g-l\' 

Moreover, we can take the summations to get the following: 
Proposition 6.5. We have 

2 ■ 3g-('^+2) 



(181) W!'{q) 

(182) W!{q) 



■(l-g-i)2([oo],-.!)3 



(l-g-i)2([oo],-.!) 



.>2 - 
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Proof. By formula fll79p and 





-6 




([oo 




y 




-3 




([oo 




Y 




-3 




([oo 




Y 




-3 




([oo 




f 



di>d k>di ^^^'^ ^' 



X^^X] f^l (X^^ *'[oo]y-i! -li'*'' 



[oolo-i! [ool„-i! [A;lo-i!' 



we get the first formula. For the second one, by formula fllSOp we need 
to calculate: 



di+d3=d 



[oo]g-i! [oo]g-i! [dslg-il [oo]g-i! [di]q~i\ 



^ [oo]„-i!^^ [A;]„-i!^E 

di+d3=d ''^ k>di ''^ l>d2 



^ [oo],-i! 



di+d3=d 



2(E 

k>di 



k>di '-■'J'? 
^~k 



[k]q-i\ [oo] 



l>d2 

_q_ 

Ool„-i! 



^>(E 



[T ' )(V '''' • 



3g 



-(c(l+l+d3+l) 



E 2(E 

0<di<d k>di 



(l-g-i)2([oo],-.!)3 
) 



-fe -{d-di)-l 



-2d- 



+ 



[oo],-i!^Hl-g-i)[oo],-i! 
3(rf+l)g-('^+2) 6g-('^+2) 



(l-g-i)2([oo],-i!)3 (l-g-i)([oo],-i!)^ 



0<di 



[k]q-i\ [oo]g-i! 



We have used Lemma 15.71 repeatedly. The proof is completed by using 
the following Lemma. □ 
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Lemma 6.6. The following identity holds: 



di>0 k>di 

Proof. 



1 



1 



1 



i>2 



E E '-'(^ - = E E(E 



9" 



E«**' E(E 



di>0 l>di+l l>k>di ^ 

1 \ ^ \ ^ g^' q 



= E E 

dl>0 l>di+l 
-(2«-di-l) 



di>0 k>di l>k 



\iL-i\' ^ ^ m„- 



1-g 



-1 



i>l 0<(ii<i 



I'l,-' 



E 
E 



9' 



i>0 



Since 



E 



dq 



d>o L^-J? 



ci 1 



t=l 



dt {tq-\q~^] 



t=i 



-i! 5Z 1 



We have 



E 



I „-2l 



1 , Iq Q Q 



1 g-^ 1 



(l-g-i)[oo],- 



i>l 



1 1-g-i 



g- (l-g-i)2V[oo],-i! [oo],-i! 



(l-g-i)[oo],- 



i>2 



6.3. Contribution of (g). Introduce 

" q-k{m+l) ^ / \ 
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By dZZD, 

(183) = g-"^"+("^+")/'W(^),(n)(g)- 

Because it has been proved in [Z2] that W^,jy(g) = Wu,^{q), it follows 

that yV(m),{n)iq) = >V(n),(m)(g), 1-6. 

^ q-k{n+l) q-k{m+l) 



^^^^^ 

Lemma 6.7. The following identities hold: 

>V(m),{n-l,l)(g) 



= Q 
Proof. Recall 



(n-l)-l-i(m+n) _ 



->V(^),(„_i)(g) 



-m/2 

Because S(„„i_i) = /in-i/ii - K = - 

„m(n-l)-{m+l)fe ^-1 



,,mn—(mA 



k=0 

" „mn— (r?i+l)A: 



Here we have used (179]). 



" „mn— (■m+l)fc 

(185) ^(n)(g(")+^) = g-"/^5:^ 



□ 
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By the above Lemma we can write down the contribution of Xrf(g) 
as follow: 

X(^)(g) = 3g-(9W-l) ^ gi{'^(di)+'^(d2-i.i)+^(d3)). 

Eirf,=d,d2-l>l 

>V(di),(d2-l,l)W(d2-l,l),(rf3)W(<i3),(rfl) 



_(d+2) . r y^(di),{d2-i) _ q_ 



^^d..d,d^ 1-^-^ \d^VAd.V^\' 

■ — T71 — im — I'' ■ ^('^3),(rfi) 

Sg-fi-Z _ _ _ 

Q _ n2 XI '^{d^Ud2)y^{d2),{d3)^{d3),{di) 

Y.,d,=d^l,d2>l 



di=d,d2>2 



We can rewrite it as 
where 



-^'i " '^^^ = n _ 0-1)2 XI ^idiUd2)^id2),id3)^id3),idi) 
^ ' T,^d,=d~l 

^'"^(g) = - Q_ n2 X >^(<ii),(0)W(0),(d3)>^(<i3),(dO 



Proposition 6.8. We have 

(r^,-i)3(|ooU!)3 
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Proof. 



Y.id,=d,d2>2 



(l-g-i)[rf3],-i![rf2],-i! 



q-(d3+i)id2-i) 



^ (l-g-i)[rf3],-i!N,-i! 



and 

-di-i. „-i 



oo 



rjix 
^d2 



' _ 1 ^ (d2+l)(<ii+l)|' \ 



we have 



We now take the summations. By the q-analog of binomial theorem: 
we have 



g-(rf3 + l)(rf2-l) 



(1 - g-i)(M,-.!) (1 - - g-'^^) 



g-(rf2-l) 



-i y( L 



■d2' 



(1 - g-i)2([oo],-i!) 1 - g-('^-i) 1 - q 

I (li 1) = ^- , 

(1 - g-i)2([oo],-i!) 4 - g-i ^ (1 - g-i)3([oo],-.!) 



Noting the fact that 



„-(d3 + l)(d2-l) 

q ^-d+i, 



.,«S.,i.(l-r')l*l,-.!W,-.!(|oo|,-.!)^ « ^ '• 
we finish the proof. □ 
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Proposition 6.9. We have 



(l-g"i)2([oo],-.!)3 



i>l 



Proof. 



W(di),(o)>V(o),(d3)>V(d3),(di) 

di+d3=d—l 



d3 



'rdz=d 

E 



-fc(di+l) 



1 



-rn—l. 1") 

1 y )oo 



1 



-1) 



By Lemma 15.71 and the following lemma, we finish the proof. 
Lemma 6.10. We have 



E 



1 



di+d2,=d 

Proof. 

E 

di+di,=d 



1*1,-! 1*1,-! (M,-!)= 



E 

di+di=d 
1 



(c/ + l)-25^- 



9' 



i>i 



1 



[cX)]g-l! [cX)]g-l! [rf3]<?-l! 



(|oo|,-i!)2 >|oo|,-i! |<ii],-.!"|oo|,-i! Id^],-.! 
By Proposition 15.81 and Lemma 15.71 



E 



d>di>0 

hence 



:nEr 



(M,-.!)2 



) + q-^''' 



i>l 
+ l+a!2 + l)/ 
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Proof of Theorem \6.4\ ■ By Proposition 16.31 we need to consider: 

+ [W!'{q) + W!iq)+X^'^'\q)+I^'''\q)] + q~'\- ■ ■ ) 
Recall we have shown that (cf. fll09p and flllSp ): 



Wl{q) + Wl{q) 



1 



Also by Theorem 1 5 . 1 1 1 we have 



d + 2 
2 



i>l 



(1 - q-^f 



I- 

[oo],-i!3(l-g-i: 



d+ 1 

2 



{i-q-^y 



By Proposition 16. 5[ Proposition 16.91 and Proposition 16.81 proved in the 
last two subsections, we have 



W];{q) + W!{q)+X^''^'\q)+X^''\q) 
2 ■ 3g-('^+2) 3g-('^+2) 



(l-g-i)2([oo],-.!)3 (l-g-i)2([oo],-.!) 



i>2 



3q 



-{d+2) 



(l-g-i)2([oo],-i!) 



i>l 



-6g' 



-(d+2)-g-l 



(l-g-^)3([oo],-i!)3 



3g 



-(<i+2) 



(l-g"i)2([oo],-.!)3 
9g-(rf+2) 



(i-,-ip(M,-.0' 



(l-g-i)2([oo],-.!)3 ^ ^ ^ 
We finish the proof by the above three terms. 

6.4. Contribution of X{l)X{d - 1). 
Proposition 6.11. We have 
X{l)X{d - 1) 



□ 



(l-g-i)2[oo],-.!3 



d + 2 
2 



3E 



i>l 



i\2 
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Proof. By definition, 

W(i),(0) (q) = ^i^q-iy ^W'(O) (^) = 1' 

we have 

^ , , , g 

Wl{q) = ^idl),id2)^id2),{d3)^{d3),id^) = ^ _ ip ' 

and 
Hence 

x(i)x(ci - 1) = w,.M = 

together with Theorem 15.111 we finish the proof. □ 
Theorem 6.12. If d > 3, we have 

1 



F\d) = F{d) 



d + 2\ q-' 

2 J 1^(1 -g-P 



3-q-'^+\l-q'^) f fd+l\ 3q-' 3q-^ 



(l-g-i)2 \\ 2 J ^(l-g-^)2 l-g-3 



,>-(2d-4) 



Proof. Recall 

deg^(X(di) ■ ■ ■X(4)) = ^[(rf? - 3di) + ... + {dl- 34)] 
= ^(c^'-Sci)- 5^ ddr 

l<i<j<k 

If {cii, ■ ■ ■ , dk} 7^ {1, (i — 1} or {rf}, there must be some ds < d — 2, 
c/jdj > 4 ■ = ds{d - 4) > 2rf - 4. 

l<i<j<k ij^s 

Hence we have 

F{d) = X{d) - X{l)I{d - 1) + . . ), 

together with formula (1971) . Theorem 16.41 and Proposition 16 . 1 1 1 we finish 
the proof. □ 



GV INVARIANTS, HILBERT SCHEMES AND QUASIMODULAR FORMS 59 

6.5. Further observations on quadratic properties. Our results 
in this and last sections have suggested the following form of the gen- 
erating series for the transformed GV invariants: 

(186) 

<5>0 (5>0 

where for sufficiently large rf, 

(187) Cl = aA^){^^l~^)+h{6). 

I.e. we have 

In the above we have established this for CJq and C^^. Using the table 
of for local in [HKRj we have checked that 



Cl, = 12-Q-18, id>Q), 
Ch = 24-fj[V90, {d>6), 



2^ 

CI2 = 30- Q -252, id>7), 
CI2 = 33 -(^2) -549, (rf>7), 

Cd,2 = -IS-Q-SS^, (ci>8). 

It will be interesting to have geometric interpretation of such phenom- 
enon. 



References 

[AKMV] M. Aganagic, A. Klcmm, M. Marino and C. Vafa, The topological vertex, 
Commun. Math. Phys. Vol. 254, Number 2 (2005), 425-478. 

[AMV] M. Aganagic, M. Martino and C. Vafa, All loop topological string amplitudes 
from Chern-Simons theory, Commun. Math. Phys. Vol. 247, Number 2 
(2004), 467-512. 



60 



SHUAI GUO AND JIAN ZHOU 



[Bat] V. Batyrev, Birational Calabi-Yau n-folds have equal Betti numbers. New 
trends in algebraic geometry (Warwick, 1996), ICll, London Math. See. 
Lecture Note Ser., 264, Cambridge Univ. Press, Cambridge, 1999. 

[Bea] A. Beauville, Counting rational curves on K3 surfaces^ Duke Math. J. 97 
(1999) 99-108. 

[BCOVK] M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, Holomorphic 

anamlalies in topological field theories, with an appendix by S. Katz, 

arX"iv:hep-th/9302103[ 
[BCOV] M. Bershadsky, S. Cecotti, H. Ooguri and C. Vafa, Holomorphic anomalies 

in topological field theories, Nuclear Phys. B405, Issues 2-3, 20 Sep. 1993, 

279-304. 

[Bio] F. Block, Computing node polynomials for plane curves, 

arXiv:math/1006.0218. 
[Bry] J. Bryan, Multiple cover formulas for Gromov-Witten invariants anc 

BPS states. Proceedings of the Workshop "Algebraic Geometry and Intc- 

grable Systems related to String Theory" (Kyoto, 2000). No. 1232 (2001), 

144C159. 

[BL] J. Bryan and N. C. Leung, The enumerative geometry of K3 surfaces and 

modular forms. Jour. AMS, Vol 13, 371-410, 2000. 
[BP] J. Bryan and R. Pandharipande, BPS states of curves in Calabi- Yau 3- folds, 

Geom.Topol. 5 (2001) 287-318, 'arXiv:math/0009025, 
[CDGP] P. Candelas, X. de la Ossa, P. Green and L. Parkes, A pair of Calabi- Yau 

manifolds as an exactly soluble superconformal theory, Nuclear Phys. B359 

(1991), no. 1, 21-74. 

[CH] L. Caporaso and J. Harris, Counting plane curves of any genus. Invent. 

Math. 131 (1998), no. 2, 345-392. 
[CL] H. Chang and J. Li, Cromov- Witten invariants of stable maps with fields, 

arXiv:1101.0914, 

[Che] X. Chen, A simple proof that rational curves on K3 are nodal. Math. Ann. 
324 (2002), no. 1, 71-104. 

[CKYZ] T. M. Chiang, A. Klemm, S. T. Yau, E. Zaslow, Local mirror symmetry: 
Calculations and interpretations. Adv. Theor. Math. Phys. 3 (1999) 495. 

[Dij] R. Dijkgraaf, Mirror symmetry and elliptic curves. The Moduli Space of 
Curves, R. Dijkgraaf, C. Faber, G. van der Geer (editors). Progress in 
Mathematics, 129, Birkhauser, 1995. 

[DI] P. Di Francesco and C. Itzykson, Quantum intersection rings, in The Mod- 
uh Space of Curves, Birkhauser, 81C148, 1995. arXiv:hep-th/9412175, 

[FP] C. Faber, and R. Pandharipande, Hodge integrals and Gromov-Witten the- 
ory. Invent. Math. 139 (2000), no. 1, 173-199. 

[FM] S. Fomin and G. Mikhalkin, Labeled floor diagrams for plane curves, 
arXiv:math/0906.3828. 

[Giv] A. Givental, Equivariant Cromov- Witten invariants. International Mathe- 
matics Research Notices 131 (1996), 616-663. 

[Got] L. Gottsche, A Conjectural Generating Function for Numbers of Curves on 
Surfaces, Commun. Math. Phys. 196 (1998), 523-533. 

[CP] T. Graber and R. Pandharipande, Localization of virtual classes. Invent. 
Math. 135 (1999), 487-518. 



GV INVARIANTS, HILBERT SCHEMES AND QUASIMODULAR FORMS 61 



[GR] G. Gasper, M. Rahman, Basic hypergeometric series, 2nd Edition, Cam- 
bridge University Press. 

[GVl] R. Gopakumar, C. Vafa, M-theory and topological strings-II, 
arXiv:hcp-th/9812127 , 

[GV2] R. Gopakumar, C. Vafa, On the gauge theory /geometry correspondence, 



Adv. Theor. Math. Phys. 3 (1999), no. 5, 1415-1443, arXiv:hep-th/9811131 



[GZ] S. Guo and J. Zhou, Gopakumar- Vafa BPS Invariants, Hilbert Schemes and 
Quasimodular Forms. II., in preparation. 

[HIV] T. Hollowood, A. Iqbal, C. Vafa, Matrix models, geometric engineering and 
elliptic genera, arXiv:hep-th/0310272 

[HKQ] M. Huang, A. Klemm, and S. Quackenbush, Topological String The- 
ory on Compact Calahi- Yau: Modularity and Boundary Conditions, 
arXiv:hep-th/0612125. 

[HKR] B. Haghighat, A. Klemm, and M. Ranch, Integrability of holomorphic 
anomaly equations, arXiv:0809.1674 

[I] A. Iqbal, All genus topological string amplitudes and 5-brane webs as Feyn- 



man diagrams, arXiv:hep-th/0207114 



[K] M. Kontscvich, Enumeration of rational curves via torus actions, in The 

moduli space of curves, R. Dijkgraaf, C. Faber, and G. van der Geer, eds., 

Birkhauser, 1995, pp 335-368. 
[KKVl] S. Katz, A. Klemm, and C. Vafa Ceometric engineering of quantum field 

theories, Nucl.Phys. B497 (1997) 173-195, hep-th/9 609239 , 
[KKV] S. Katz, A. Klemm, C. Vafa, M-theory, topological strings and spinning 

black holes, |jarXiv:he p-th/99l"0181 
[Kol] Y. Konishi, Pole structure of topological string free energy. 



arXiv:math/0411357 



[Ko2] Y. Konishi, Integrality of Copakumar- Vafa Invariants of Toric Calabi- Yau 
Threefolds, arXiv:math/0504188, 

[KM] M. Kontscvich and Y.Manin, Gromov-Witten classes, quantum cohomology, 
and enumerative geometry. Comm. Math. Phys. 164 (1994), no. 3, 525-562. 

[KPl] S. Klciman and R. Piene, Enumerating singular curves on surfaces, in Al- 
gebraic Geometry: Hirzebruch 70, Contemp. Math. vol. 241, AMS, Provi- 
dence, Rl, 1999, pp. 209-238. 

[KP2] S. Kleiman, R. Piene, Node polynomials for families: methods and applica- 
tions. Math. Nachr. 271, 69-90, 2004. 

[KST] M. Kool, V. Shendc and R. Thomas, A short proof of the Cottsche conjec- 
ture. Geometry and Topology 15, (2011) 397-406. 

[KaZa] M. Kaneko and D. Zagier, A generalized Jacobi theta function and quasi- 
modular forms in The moduli space of curves, eds. R. Dijkgraaf, C. Faber, 
G. van dcr Gecr, Boston: Birkhauser, (1995), 165-172. 

[KMPS] A. Klemm, D. Maulik, R. Pandharipande, and E. Scheidegger, Noether- 
Lefschetz theory and the Yau-Zaslow conjecture, J. Amer. Math. Soc. 23 
(2010), no. 4, 1013C1040. 

[KZ] A. Klemm and E. Zaslow, Local Mirror Symmetry at Higher Cenus, 
"arXiv:hep-th/9906046' 

[KST] M. Kool, V. Shendc, and R. P. Thomas A short proof of the Cottsche 
conjecture, Geom. Topol.l5: 397-406, 2011. larXiv:1010.3211l 



62 



SHUAI GUO AND JIAN ZHOU 



[Liu] A. Liu, Liu, Ai-Ko(l-CA) Family blowup formula, admissible graphs and 
the enumeration of singular curves. /., J. Differential Geom. 56 (2000), no. 
3, 381C579. 

[LLLZ] J. Li, C. C. Liu, K. Liu and J. Zhou, A Mathematical Theory of the Topo- 



logical Vertex, arXiv:math. AG/0408426 



[LLY] B. Lian, K. Liu, and S. T. Yau, Mirror principle I, Asian J. Math. Vol. 1, 

no. 4 (1997), 729-763. 
[Mac] L G. MacDonald, Symmetric functions and Hall polynomials, 2nd edition. 

Clarendon Press, 1995. 
[MV] M. Marino, C. Vafa, Framed knots at large N, Orbifolds in mathematics 

and physics (Madison, WI, 2001), 185-204, Contemp. Math., 310, Amer. 

Math. Soc., Providence, RI, 2002. 
[OV] H. Ooguri, C. Vafa, Knot invariants and topological strings, Nucl. Phys. B. 



577 (2000), 419 - 438, hep-th/9912123 



[Pan] R. Pandharipande, Hodge integrals and degenerate contributions. Comm. 

Math. Phys. 208 (1999), no. 2, 489-506. 
[PT] R. Pandharipande, R. Thomas, 13/2 ways of counting curves, 

arXiv:1111.1552, 

[P] P. Peng, A simple proof of Gopakumar-Vafa conjecture for local toric 
Calabi-Yau manifolds, Commun. Math. Phys. Vol. 276, Number 2 (2007), 
551-569. 

[Ran] Z. Ran, Enumerative geometry of singular plane curves. Invent. Math. 97 
(1989), 447-465. 

[Tz] Y. Tzeng, A proof of the Gottsche-Yau-Zaslow formula, 

arXiv:math/1009.5371. 
[Vai] I. Vainsencher, Enumeration of n-fold tangent hyperplanes to a surface, J. 

Algebraic Geom. 4(1995), no. 3, 503-526. 
[Vak] R. Vakil, Counting curves on rational surfaces Manuscripta Mathematica 

Volume 102, Number 1 (2000), 53-84. 
[Wl] E. Witten Quantum field theory and the Jones polynomial. Comm. Math. 

Phys. 121 (1989), no. 3, 351-399. 
[W2] E. Witten, Chern-Simons gauge theory as a string theory, in The Floer 

memorial volume, H. Hofer, C.H. Taubes, A. Weinstein and E. Zehnder, 

eds., Birkhauser 1995, 637-678, ar Xiv:hep-th/9207094 , 
[YY] S. Yamaguchi and S. T. Yau, Topological string partition functions as poly- 
nomials, JHEP 0407, 047 (2004), arXiv:hep-th/0406078, 
[YZ] S. T. Yau and E. Zaslow, BPS states, string duality, and nodal curves on 

K3, Nuclear Phys. B471 No. 3 (1996), 503-512. 
[Zin] A Zinger, The reduced genus 1 Gromov- Witten invariants of Calabi-Yau 

hypersurfaces, J. Amer. Math. Soc. 22 (2009), 691-737. 
[Zl] J. Zhou, Some Observations on Gopakumar-Vafa Invariants of Some Local 

Calabi-Yau Geometries, Nankai Tracts Math, 2005. 



[Z2] J. Zhou, A conjecture on Hodge integrals, arXiv:math/0310282 



[Z3] J. Zhou, Localizations on moduli spaces and free field reliazations of Feyman 



rules, arXiv:math/0310283 



GV INVARIANTS, HILBERT SCHEMES AND QUASIMODULAR FORMS 63 

Beijing International Center for Mathematical Research, Peiking 
University, Beijng, 100871, China 
E-mail address: gs0202@gmail.com 

Department of Mathematical Sciences, Tsinghua University, Beijng, 
100084, China 

E-mail address: jzhouSmath. tsinghua. edu.cn 



